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BKM’s blowup criterion in homogeneous Triebel-Lizorkin spaces for
the 3D dissipative system in electro-hydrodynamics

LI Xiurong ,LIANG Hong
( College of Science, Northwest A&F University, Yangling 712100, China )

Abstract: In this paper, we study the breakdown of local smooth solutions for a class of nonlinear dissi-
pative electro-hydrodynamics system. This system is a strongly coupled system by the well-known incom-
pressible Navier-Stokes equations in hydromechanics and Poisson-Nernst-Planck equations in electrody-
namics, modeling the drift, diffusion and convection phenomena of charged particle in an isothermal , in-
compressible and viscous fluids. Based on the Littlewood-Paley decomposition theory, the BKM’s blowup
criterion in terms of horizontal component of velocity field in homogeneous Triebel-Lizorkin spaces is es-
tablished for local smooth solutions, and generalize the previous results. In particular, this blowup criteri-
on reveals that the horizontal component of velocity field is more important than the density functions of
charged particles in the blow-up theory of the system.

Key words: electro-hydrodynamics system; Navier-Stokes equations; Poisson-Nernst-Planck equations;

Triebel-Lizorkin spaces; blowup criterion

ARSCEEWE —FORIE TS - Arh 2l 2, W B T AYIZ Bl Poisson-Nernst-Planck
WL TR . PTHONNR R AR, 2 iR, BAERARLYE, arse e arE,
BRIz 3l k5 PRI A AT TR Navier-Stokes 75 = HAERIEAIREANT -

« Ugfs HHER. 2018 —07 -29
HEWE: ERARBEES (11501453); BPG4TE Wi H (2018]M1004, 2017JM1016)
PR WL (1995 47F), 403 BRSTAE: BEPLIRGEUY 5 E-mail: 1h19952@ 126. com
BISES: S5 (1994 4F4) , 4o, BFSAM: MBI E-mail; ChenyXR@ 126. com



%3 39 BEFR, A ZYBREHOMA IR IR S )5 RYEAE ST Triebel-Lizorkin 25 8] 1) BKM UK v 0 141

du+ (v VYu-Au+Vag =AyVy,
Veu=0,
dv+(u-Vo=V-(Vv-vVy),
dw+ (u-V)Yw=V-(Vw+wVy),
Ay =v-w,
(w,v,w) I,y = (uy,v,0,),
Hep,w = (uf 0 0 Rl 3 BN FR AR 3%
1, o Fm s i e, o Flw 43 53R 1A
HhY T L AT R B H AT B 1 T R R, R T A
W, EATC MR . Ktk R8T
R EBI N 1,

2% (1) [ Rubinstein F 20 {H: 20 & 7E ik
(1] rhE g i, 322 o 220 i 25 0 AN ] He Al
DA R ER 37 R g 3 D) 1 A AR R0 A e 7
2002 4, LT Kato EREHIE, Jerome 7E3CHE [2]
s T RGE (1) JRffot ik e e, b
G, WEFEEFZET RS (1) TEAFHILE AN
TRES R, 153 7 5AA] K Navier-Stokes J5 72
KR — 255 . BN : Schmuck 7E3CHR [3]
FIF e 8 A 28 250 Schauder A 3l &5 52 B, 41 X
NSPNP £ 411 Neumann #JH {H 0] 81, UEH] T =4k
AR 583 AR PR LA B 1 I — A R T DU 235 23
FJ, Jerome FM Sacco 7E 3@k [4] " | A Rothe
PR 7% NSPNP 2R ¢ 191 & i1 5 [R] AU ST
TAE RS [ AR 55 R A AEME . Ryham 78 3CHR
[5] 58 TR T No-flux i A 5511 NSPNP R 4¢
WA ) — 2 55 A R ARAAAE I . P — PR E )
PELL K = LT T /INEa 285 M BT 0T 4K 5 fidk 1) A7 7
o —Jrm, MT ARG (1) MPMERE, Zhao
SAESCHR [6 8] sy T HAENG A Lebesgue %5
[a] . TG AL Besov 23 [a] Fil Besov-Triebel-Lizorkin
23 ) v A Ji S 3 1 A /DN I ) e A 3 o e
FHHESE T B AR A B TR e M . Rl
Hu, AfTTAEEST T ARG A Besov 4 [B] HH 1) d5c I RE U
fliite HEFEEE], BT Navier-Stokes & R4
(1) MTRGE (v =w =14 =0), FTLEM
T Navier-Stokes 2, Z#EEE TN RS (1) ik
5383 fiAf 11 L DU P R e — P ) O 8 A A A5 TR A PRI
[i4] 2 HE SR ATI ORI L T A Bl ) 2 AR L PR A 1 )
RO B R A 55 A 0 TE U M R O — P[] B, Fan 5§
TESCHR [9 = 11] F1 Zhao 7E3CHK [12] iy il 4k
ST RGE (1) Z4eseiRgs i T 538G
AE DU D R ME — M HED 3 Zhao 7ESCHK [13] h
AL T ARG (1) =BRSS5 1K Besov %5 [H]
Hh 5 1 3 DG A R 508 1 ) e o )

(1)

AL FEZERG (1) Jaff ot i o M b
o BOEAESCHR [14] ™, Zhao-Bai # 13 T R4
(1) JRfBoGiE fi ) BKM 7 AR il v U F Prodi-Serrin
RURRME N, Rl e, TR g T AR el
BKM RUEERMEN . ARG (1) BREEHME (u,
vow) ERZ T, RABEE, W—Ef

[ Vit o) T e = oo

£+i=2,i<p$oo (2)

q P 2
Hep, o' = (o, 0)) FOREEG KT, V) =
(9,,0,) FRER F AT 405, HoCHk [14]
AL, RS (1) JRHG o i AR LA T ke
SR TEM Y, T 5 T R 0 T 0
Koo ST ERERGAEN (2), A30H EEET R
g (1) KT EEYKFIr B AEFFIR Triebel-Lizor-
Kin 25 5] H A A B O o 4% 98 T R R SOk
[14] HRFFIK Besov 23 [a] i g N (2), AR
AP I 42 5 R Triebel-Lizorkin 23 ] ot S A 37
i

1 EHARE

FED K’ (u,v,w) Z2RG (1) WHEVIIHSR
Hu, e H(R) ,V-u, =0, v,,w, € L'(R") N
H(RY) Flvg,w, =0 REDCHR, AT, <o &
JaE I R (w,v,w) WERKAALERTE], W—EF

T,
[ IV o gt = o
2,3 _,3,
q p 2
Hor, Vi = (0,,8,), 0" = (u',u”) o
1 B ERBESRIETT, WERX AN
[0 <T< o, H

N

® (3)

T

f IV (+ ) (G dt < oo,
0 73
2 3

L2 ol2<psw® (4)
q p

WRFR G E (w,v,w) AT DAESR RIE T
2 fESCHR [15] o, Dong-Zhang #57 |
Navier-Stokes J5 L R IEH i 36 F HEHEHK T4 it
pera 2l IR (IEE S
fo\lvhu”(-,ﬂ Hi;(gcymdt < ® (5)
WHEHE AR w AT DUEH ] T, JE T Besov 25 [A] I
Triebel-Lizorkin 2% [&6] A 41 F X & B(; o (R) =
Fo (RO, TR BEMEN (3) X F =4ERa]
Navier-Stokes J5 P4 1M & W2 H 19, 7] LLUAE K&



142 HIlRA R AR (ASRBERR)

5 58 &

(5) MM,
2 TS HIN

Tl 1 e A 48 Fourier 54, JH S(R?) %%
Schwarz T [ BRELZS A, S'(RY) 227 HoAfi a8 25
], B Schwarz 263443 45 25 [, o FAE M) f e
S(R®) , 3 Fourier 454t F(f) = [ & 3L K

-7 =1 e W x) dx
F() = 7(8) =g e

X HE ST f e S'(RY) , H Fourier 254
AT EHARE R ok e X, B
<f.g>=<fig>.Vege SR
THEEIINZ R Y Littlewood-Paley 36,

=l e R s3] WAFELHE
BoliL: suppp C C,0<p <1, H
de(27¢) =1,V¢ e R\ {0}

T Lk o MM, £ ¢(é) = @(27),
h(x) = F' (@) (x) , it F' %75 Fourier j#i25
oo MXHERf e ST (RY) , FRAT5E S 4
FET A, S, A0

A= @(27D)f = 27 h(2y)f(x ~y)dy,

ij::kzilA’f
MIERX ERE, A, BRBEINNF (& e R,
lg|= 2} MR T, S, FRBFEAER (¢ e R,
lel< 2} WBEHE T, BER, FEXS,(RY)
=S"(R)/P(R"), Hrp P(R*) £/R R’ LIZI
XM ES WIHEEN fe S(RY) , A
557K Littlewood-Paley 4 fi# :
f: Z;Ajf
T IR ATT 25 57 IR Triebel-Lizorkin %5 [] (1) &
No 4 s eR 1 <pqg< o, MMEENSf e
S’ (R*), MJ5E X F5UK Triebel-Lizorkin 23 [&]41F
(R ={f e $Y(R) |l < o
Hrr,

ez sy
Al =

ol S g <o,

lsup(2* A, s D [la = =2
fcJa, FATTE AR E 1 2L A 3 Bern-
stein NEEFL,
S| 1 [ (Bernstein NEER) WATEE f e
S'(R*) , AT AR U Bk, AT RS0 (pLg) AR 1

Sp<q< o, fFEFHRC, AU AEXL:
supp/ C | |¢|< 2= sup [la°fll,, <
C2* T |l
suppf C | |¢]=~ 2} =C" 2" 7|, <
sup 1%/l < €2" |7l
3 EH 1 Byukh

FATMA BRI W e B 1, R (3)
AL, WAFEIE R K, £
[ 19 ) s < K,

2 3 3
4+ = =2,-<p=so® (6)
q p 2 °F

FTocEk [14] FRgER 1.4 e, ik
W2 B 1, JATTH TS A At

T
sup V(-0 + fo lAu(-,0) [Pdt < €, (7)

Ho, % G AU BT W ull
H(vo,wo) ”Llan’ THIK

o, mscEk [14] mlgm, fesE 1 AR
FUFT, WHRETEER 0,0 =0, HXMEEO <
¢ < T, AN RERASFEAROL

loCo) I + (o) I +
2f V(o) [ + V() ) dr <

||U0 ||22 + ||w0 ”22 ’

o) [+ 11V g (o) [ +
2 IVl + lag(r) 1) dr <
a2 + 1V g 32 <

luo 22 + €1 v 100 13 1 (o 200) (12
Hk, XHfd (1) sE— N A REWIAER
HFVx, 0[5
dow+ (u-Vo-Aw =
(- V)u+Vx(Ap V) (8)
Hidt, o = Vxu 50, R (8) Pl
Phow, SRIGE R FRN, B 3RFRS AT 15

1 d
2 Llol + Vol =

fm(a) *V)u * wdx —fRs(Aszlﬂ) .

(Vxw)dy =1, +1, 9)
EERV-u =0, TA
83u3 = - (31”1 + azuz) ,W3 = a1”2 - a2”1

W1, ATy



23 ] Fr i BKM A5k v ) 143

CHRE B/, G SAEFEBOR AL A S ) RGEAEFFIK Triebel-Lizorkin
| A7
J w0, wdx = 7 .
R 112=2f | A Vi 1 o1 2dx <
ZJ wauwdx+2j w0, wydx + =N R
i,j=1 2,
C | Vi |3 ! 121’3 21'| [ Pdy <
]_ . fks( ZN A w13 (ZN ) ol dx
2f 3(1)3(93u"wjdac + f (@30;u w,dx i ] N
i=1 7R R 2 2
T, Rl CN'™ <Z A Vi 1) L,Jllwuiz,./ <
Ls[ 1Vl ol (10) CN'% || V,u Mligag o ' s <
— 4, %F Viu % FH Littlewood-Paley — 37 i ?”Vw” + CN||V,u" (14)
ﬁj\ﬁ’i, A
2 .
H = p v \/(r 2 =
Vi = ¥ A Viu' + ZA Vi + Y A Vi ot g = 5775 o A, RFASA Vol
<-N >N LL /4 >
mﬁg’a (10) 4 ’ |Aulls < €[V, 0 Sobolev AR £l <
ClIvfll,., Feli 1A

L<Y [ 1AVl old+
jRS J ZJ IAj.thh||w|2dx$

J<-N
j>N

N
S 1AV e +
SN RS ;o CZ HA Viu IH,3||(1)H/2 “CUH/G =
j>N
LAVl wl?dx =1, +1, +1
jm ; Vi 1 12 13 (]222 ||A Vid |l |2 IV ol <
j>
D7 ol IV ol <

>N

11
D oyt (52, v

FoAkivt 1, —J5 T, B Biot-Savart & Al 4l =
g—x” =R(Rxw).j=123, 2 ol V2l 1V o, <
Vxw=Vx(Vxu) = 2% ol (15)
V(V - u) - Au = - Au a0 (13) ~ (15), }Jaﬂ] 5271 Bk
] PR 3 L 11
bR = (RR R = (a1, N ﬁmﬂt/\ (1), #
. . < glvel + 27 ol +
3) F/R Riesz B, 7—Jrifi, T Riesz ¥ /2
L(R) LA RN T | RIAT T o NIV Iy oo s + €2 w1V s (16)
= C”wHLz’HAuHLz = CvaHLz (12> Xj'lz, ;Fuﬁﬁig (1) E/‘J ﬂ/\ﬁﬂ:}, %T_;%

|
N A 1o X4y, B Holder NSRS,

Bernstein AZEX IR (12) Al
I, = ZL' A Vi 1 o)y <
R

Jj<-=N

9 2 ”A jhuh ||L°° Hleﬂz < 1
vl

3, Gagliardo-Nirenberg NZEH M0 (12) w5
L < Cvylllagl:laul, <

1
S Al + €l (o 0) [V gl <

1 3
+ Cll (v,0) IZ1(Vo,Vw)llz

CZ 27| A, Vi |l <

j<-N

C( 22”> <Z 1A, Vi [I72) ) ol < 1 i1 3
SN ' SVl + Cll(o,w) LIVl (Ve,vw) llz <

29l ol < L 2 2

3y - , +C 5 , +
C277/\‘ |w||}2 (13) 2 ||vw||L H(v’w)”[, H(vv’vw)HL
_ C LIVl <
M 1y, % p e p OIEHEISHR, D5 s = 1, ol
- 2+ C 2 +1 17
254 Holder A4 ZCF1A0F B9 Gagliardo-Nirenberg A~ 2 IVl + CCH(Ve,Vw) |3 +1)  (17)
5 # (16) Fxl (17) RARX (9), &ATAH
3 d
5 gl + IIVwIILz <

3
VAP =

% = -+
AL < Az



144

R E e (HARBHERR)

5 58 &

N
Q7 ol IV ol

Lol

(v, V) ) (ol

I
27 |wll}, + CN[v,u" [}

+1)
(18)

+ C( ||<W,Vw>|\iz

BN SR, 0 2 o, < 5 B

In(||w|} +e) +2InC
= : +2
In2

W (18) Arfg

CCL+ [V [lig o +

+e)ln(|w|, +e)
(19)

+ Vol <

e, 2 72(1) =l + e, 4 (19) WA

%an(t) <

SE
[1] RUBINSTEIN 1. Electro-Diffusion of Tons[ M ]. Philadel-

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

phia:SIAM Studies in Applied Mathematics,1990.
JEMORE J W. Analytical approaches to charge transport
in a moving medium[ J]. Transport Theory Statist Phys,
2002, 31 333 -366.

SCHMUCK M. Analysis of the Navier-Stokes-Nernst-
Planck-Poisson system[ J|. Math. Models Methods Appl.
Sei, 2009, 19(6) : 993 - 1015.

JEMORE J W, SACCO R. Global weak solutions for an
incompressible charged fluid with multi-scale couplings:
Initial-boundary-value problem [ J ]. Nonlinear Anal,
2009, 71, 2487 —2497.

RYHAM R J. Existence, uniqueness, regularity and long-
term behavior for dissipative systems modeling electro-
hydrodynamics[ J]. Arxiv: 0910.4973vI.

ZHAO ] H, DENG C, CUI S B. Global well-posedness of
a dissipative system arising in electrohydrodynamics in
negative-order Besov spaces[ J]. J. Math Phys, 2010,
51; 093101.

ZHAO J H, ZHANG T, LIU Q. Global well-posedness for
the dissipative system modeling electro-hydrodynamics
with large vertical velocity component in critical Besov
space[ J|. Discrete Contin Dyn Syst Ser. A, 2015, 35
(1):555-582.

ZHAO J H, LIU Q. Well-posedness and decay for the
dissipative system modeling electro-hydrodynamics in neg-
ative Besov spaces[ J]. J. Differential Equations, 2017,
263, 1293 —1322.

FAN J S, GAO H J. Uniqueness of weak solutions to a

Cc(1 + thu’lllﬁoz [(Vo,Vw)|2)InZ(t)

IV ] Gronwall K#‘Fiﬁ TATH
sup Z(1) <

O=<i<T

Z(0)exp{exp Cf (I + v, (7) H[«'OZ

I(Ve(r),Vw(r)) L) dri
]

sup (o) 7 < (e + o l[2) expiexpli CT +

Cf Vi () gy + 1V 0(r) V() ) dr

Mt (19) A Hw e L7(0,T:H' (RY)) N
L2(0,T:H (RY)), BIsX (7) Wisr. @1 jEse,

nonlinear hyperbolic system in electro-hydrodynamics[ J].
Nonlinear Anal,2009,70. 2382 —2386.

FAN J S, NAKAMURA G, ZHOU Y. On the Cauchy
Applied

[10]
problem for a model of electro-kinetic fluid[ J].
Mathematics Letters, 2012, 25, 33 - 37.
FANJ S, LI F C, NAKAMURA G.
for a mathematical model for the deformation of electro-
lyte droplets [ J]. 2013,
26 494 —499.

ZHAO ] H. Regularity criteria for the 3D dissipative sys-
J. Bull. Ma-

(11]

Regularity criteria
Applied Mathematics Letters,

[12]
tem modeling electro-hydrodynamics[ J].
lays. Math. Sci. Soc., 2017(3) :1 -17.
FRARET. — AEFEHI R L 1A 3l )~ 22 58 553 ik 14 LE U4
TEMI[J]. Bt Bi24R 2018, 38 (3) : 549 —564.

ZHAO ] H. Regularity criteria of weak solutions for the
3D dissipative system in electro-hydrodynamics[ J]. Ac-
ta Mathematica Scientia, 2018, 38 (3) . 549 —564.

ZHAO J H, BAI M.
mensional nonlinear Dissipative system modeling electro-

Real World Ap-

[13]

[14] Blow-up criteria for the three di-
hydrodynamics[ J]. Nolinear Analysis;
plications, 2016, 31 210 —226.
DONG B Q, ZHANG Z F. The BKM criterion for the 3D
Navier-Stokes equations via two velocity components
[J]. Nonlinear Analysis;
2010, 11 2415 —2421.
BAHOURI H, CHEMIN J Y, DANCHIN R. Fourier A-
nalysis and Nonlinear Partial Differential Equations[ M].
Berlin: Grundlehren der mathematischen
schaften, Springer, 2011 :343.

[15]
Real World Applications,
[16]

Wissen-

(REHE TEF)



